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New analytic spin chains with fractional revival are introduced. Their nearest-neighbor couplings
and local magnetic fields correspond to the recurrence coefficients of para-Racah polynomials which
are orthogonal on quadratic bi-lattices. These models generalize the spin chain associated to the
dual-Hahn polynomials. Instances where perfect state transfer also occurs are identified.
1. INTRODUCTION
Fractional revival (FR) is observed when clones of a
wave packet reproduce with periodicities in a localized
fashion [11]. This phenomenon has been shown to occur
in XX spin chains with pre-engineered couplings. Specif-
ically, in such instances, a state with a spin up initially at
one end of the chain evolves after some time T into a state
for which the amplitude to find the spin up at a given site
is non zero only for the two ends of the chain [3, 5–9]. The
special case when the spin up localizes exclusively at the
end of the chain at some time T is referred to as perfect
state transfer (PST). (See [13] and references therein.)
This has cast XX spin chains as attractive systems for
the design of wires that can transport quantum informa-
tion with high fidelity, generate entanglement or provide
remote gates. The interest in these questions is gener-
ating an abundant literature (See [4, 9] for reviews and
further references). A key advantage of these models is
that the tasks are performed through the chain dynamics
without the need for external control operations beyond
the input/output interventions.
A systematic analysis of FR at two sites in XX spin
chains has been carried in [8]. In general, FR is essen-
tially described by two parameters that can be tuned
independently. The first is connected to a prescribed
one-parameter deformation [7]. The second comes from
a remarkable analytic model. Let us briefly explains its
features.
For the purpose of studying fractional revival it suf-
fices to consider states with only one spin up. When
restricted to the one-excitation sector, the XX spin chain
Hamiltonians with nearest-neighbor couplings become
tridiagonal matrices J that are diagonalized by polyno-
mials orthogonal on the finite set of points formed by
the eigenvalues of J . One necessary condition for PST
is that the matrices J possess a special property called
mirror-symmetry [1]. If one looks for fractional revival
in systems with special Hamiltonians whose restrictions
J are mirror-symmetric, one generically obtains analytic
models where the couplings and magnetic fields are ex-
actly given by the recurrence coefficients of polynomials
that are orthogonal on linear bi-lattices. By a linear bi-
lattice we mean the set of points obtained by shifting two
equally-spaced linear lattices with respect to one another:
xs = x0 + s+
1
2
(δ − 1)(1− (−1)s) s = 0, . . . , N. (1)
We assume that the chains have N + 1 sites. Interest-
ingly, the associated orthogonal polynomials have only
been discovered recently in the context of PST studies
[14]. They have been called para-Krawtchouk polynomi-
als. The corresponding FR parameter is related to the
relative shift δ.
Now there is a procedure known as spectral surgery
[13] that allows to remove spectral points while preserv-
ing mirror-symmetry. In principle this permits to ob-
tain any prescribed spectrum for J and the correspond-
ing mirror-symmetric couplings and magnetic fields by
removing in this way the appropriate elements from the
linear bi-lattice set. As explained in [8], upon performing
the isospectral deformation (mentioned above) of surg-
ered models, one may construct all XX spin chains with
FR.
The usefulness of exactly solvable models does not need
to be stressed. They make possible the analytic explo-
ration of the dynamics and are rooted in a secular tra-
dition in theoretical physics. Now it is a fact that the
repeated removal of energy levels will yield expressions
that are more and more complicated for the chain data
and will thus have the effect of obscuring the analytic
properties of the system. There is hence much interest
in finding directly other manifestly analytic models with
FR and this is the purpose of this paper.
The discovery of the para-Krawtchouk polynomials or-
thogonal on linear bi-lattices has prompted the search for
polynomials orthogonal on quadratic bi-lattices. These
functions have been found very recently [10]. They have
been called the para-Racah polynomials and are denoted
by Pn(y
2;N ; a, c, α). As the notation suggests, they de-
pend on 3 parameters, two of which being related to the
definition of the grid or bi-lattice, in addition to the nat-
ural number N .
We shall here discuss the fractional revival properties
of the XX spin chains associated to these orthogonal
polynomials. Mirror-symmetry requires α = 12 . When
this is so, FR will occur provided a and c are expressed
in terms of solutions of a quadratic Diophantine equa-
tion. PST will happen for a subset of the values of the
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2parameters for which FR is realized. When c = a + 12 ,
the models will be seen to reduce to the ones associated
to the dual-Hahn polynomials - a paradigm example of
chains exhibiting PST [1]. When an isospectral transfor-
mation is applied, mirror-symmetry is broken and more
general models with FR are obtained and found to corre-
spond to para-Racah polynomials now with an arbitrary
α.
The paper will unfold as follows. In Section 2, relevant
aspects of fractional revival in XX spin chains will be
reviewed. The models with mirror-symmetric couplings
and magnetic fields corresponding to the recurrence co-
efficients of the para-Racah polynomials with α = 12 will
be introduced in Section 3 for N odd, that is for an even
number of sites. The conditions (on the parameters) for
fractional revival to take place will be determined and
the situations of PST will also be identified. The pre-
sentation of the models for N even will be carried out
via the spectral surgery procedure. This last point will
be the object of Section 3 where we shall give the cou-
plings and magnetic fields that result when the last level
of the chains with N odd is removed. That the models
reduce to the one associated with the dual-Hahn poly-
nomials will be discussed in Section 5. The shape of the
couplings and magnetic fields will be depicted in plots ex-
hibiting the differences between the odd and evenN cases
as well as with the dual-Hahn polynomials situation. The
isospectral deformation of the mirror-symmetric chains
considered up to that point will be carried out in Section
6 to find analytic models with FR corresponding to the
general para-Racah polynomials. The classification will
be done in full generality for spin chains with N > 4. We
shall sum up to conclude.
2. FRACTIONAL REVIVAL AND
ORTHOGONAL POLYNOMIALS
We shall consider XX spin chains with N+1 sites and
nearest-neighbor interactions governed by Hamiltonians
H of the form
H =
1
2
N−1∑
n=0
Jn+1(σ
x
nσ
x
n+1 + σ
y
nσ
y
n+1) +
1
2
N∑
n=0
Bn(σ
z
n + 1).
(2)
Jn is the coupling constant between the sites n − 1 and
n and Bn is the magnetic field strength at the site n,
with n = 0, 1, . . . , N . The symbols σxn, σ
y
n, σ
z
n stand for
the Pauli matrices with the index n indicating on which
C2 copy of (C2)⊗N+1 they act. It is easy to see that the
Hamiltonian H is invariant under rotation around the
z-axis: [
H,
1
2
N∑
n=0
(σzn + 1)
]
= 0. (3)
This implies that the eigenstates of H split in subspaces
labeled by the number of spins over the chain that are
up, i.e. that are eigenstates of σz with eigenvalue +1.
To study fractional revival it suffices to focus on the re-
striction J of H to the one-excitation sector. The states
of that subspace are naturally described by the canonical
basis vectors of Z⊗N+1
|n〉 = (0, 0, . . . , 1, . . . , 0)ᵀ (4)
with the single 1 in the nth position corresponding to the
single spin up at the nth site. The action of J in that
basis follows from (2) and is given by
J |n〉 = Jn+1|n+ 1〉+Bn|n〉+ Jn|n− 1〉 (5)
where J0 = JN+1 = 0 is assumed. That is, J is the
following Jacobi matrix
J =

B0 J1
J1 B1 J2
J2 B2
. . .
. . .
. . . JN
JN BN
 . (6)
It will be said to be mirror-symmetric with respect to the
anti-diagonal or persymmetric if
RJR = J (7)
with
R =

1
1
. .
.
1
 . (8)
In terms of the couplings and magnetic field strengths,
this amounts to
Jn = JN+1−n, Bn = BN−n. (9)
Since Bn, Jn ∈ R, J is clearly hermitian and has real
eigenvalues. We can introduce the eigenbasis of J :
J |xs〉 = xs|xs〉, (10)
where the eigenvalues xs are assumed to be non-
degenerate and are taken to be in increasing order x0 <
x1 < · · · < xN . Then, in view of (5), it is easy to show
that we have the following expansions
|xs〉 =
N∑
n=0
√
wsχn(xs)|n〉 (11)
|n〉 =
N∑
s=0
√
wsχn(xs)|xs〉 (12)
3where χn(x) are orthonormal polynomials on the finite
set of spectral points xs that obey the recurrence relation
xχn(x) = Jn+1χn+1(x) +Bnχn(x) + Jnχn−1(x). (13)
It can be shown [13] that J is persymmetric if and only
if
χN (xs) = (−1)N+s, s = 0, 1, . . . , N. (14)
Let us now come to fractional revival at two sites. A wave
packet initially localized at the site 0 will be revived at
sites 0 and N after time T if
e−iTJ |0〉 = ξ|0〉+ η|N〉 (15)
with |ξ|2 + |η|2 = 1. Given the normalization condition
and the inconsequential overall phase, we see that frac-
tional revival at two sites is essentially characterized by
two real angles. Observe that we are in a situation of
perfect state transfer when ξ = 0 :
e−iTJ |0〉 = eiφ′ |N〉.
With the help of expansion (11), it is immediate to see
that condition (15) translates into
e−iTxs = ξ + ηχN (xs). (16)
Note that for the right hand side of (16) to have modulus
1, we must have
χ2N (xs) + 2
Re(ξη∗)
|η|2 = 1. (17)
The implications of (16) have been examined in [8] to ob-
tain a characterization of the chains with FR. The analy-
sis proceeds in two steps. Condition (16) is first enforced
when ξ and η involve only one of the two essential angles
(apart from the global phase φ) and are expressed like
this :
ξ = eiφ sin 2θ η = ieiφ cos 2θ. (18)
The additional parameter is then introduced by subse-
quently performing an isospectral deformation of the Ja-
cobi matrix obtained as a result of the first step. This
course will be followed here.
When ξ and η take the special form (18), we see from
(17) that χ2N (xs) = 1. Simple considerations (explained
fully in [8]) lead one to conclude that condition (14) must
then be obeyed. In other words, the fractional revival
condition (16) requires that J be persymmetric when ξ
and η are as in (18). Moreover, with these expressions
for ξ and η, the real and imaginary parts of (16) yield
the following relations that the eigenvalues xs of J must
satisfy :
cos(Txs + φ) = cos
(pi
2
− 2θ
)
(19a)
sin(Txs + φ) = (−1)N+s+1 sin
(pi
2
− 2θ
)
. (19b)
The determination of J and of H as a result, is hence-
forth framed as an inverse spectral problem that can be
solved using the theory of orthogonal polynomials. The
eigenvalues xs found to verify the FR conditions (19) de-
termine the characteristic polynomial of degree N+1 and
the knowledge of χN at the N+1 points xs, as prescribed
by (14), completely specifies this polynomial also. All the
other polynomials χn(x) can be constructed from these
two by using the Euclidian algorithm (see [13]) and this
gives J and H.
The generic set of eigenvalues satisfying conditions (19)
is a linear bi-lattice and the algorithm we just explained
leads in this case to the para-Krawtchouk polynomials
[14]. The specifications of the chain are then provided by
the recurrence coefficients.
In the following, we shall not adopt this deductive ap-
proach which is explained fully in [8]. We shall rather
identify a new analytic model by proceeding in the re-
verse. We shall first provide a set of mirror-symmetric
couplings and magnetic fields known to form the recur-
rence coefficients of polynomials that are orthogonal with
respect to quadratic bi-lattices. We shall then determine
for what values of the grid parameters are the FR con-
ditions (19) satisfied. The isospectral deformations that
allow to relax the condition that J is persymmetric will
be presented in the last section.
3. A MODEL WITH FRACTIONAL REVIVAL
BASED ON PARA-RACAH POLYNOMIALS FOR
N ODD
The analytic model introduced here is based on the
para-Racah polynomials Pn(y
2;N ; a, c, α). These poly-
nomials have only been identified recently [10]. For now,
take N to be odd and write
N = 2j + 1. (20)
When α = 12 , the recurrence coefficients of the para-
Racah polynomials provide the following explicit expres-
sions for couplings and magnetic fields :
Bn =
1
2
[a(a+ j) + c(c+ j) + n(N − n)] , (21)
Jn =
[
n(N + 1− n)(N − n+ a+ c)(n− 1 + a+ c)
4(N − 2n)(N − 2n+ 2)
× ((n− j − 1)2 − (a− c)2) ] 12 ,
where the parameters a and c are such that a > − 12
and |a| < c < |a + 1|. It can be checked directly that
these Jn and Bn satisfy (9) and that they hence form a
persymmetric matrix.
The para-Racah polynomials are known [10] to sat-
isfy a discrete orthogonality relation on the points of the
4quadratic bi-lattice defined by
x2s = (s+ a)
2, s = 0, . . . , j,
x2s+1 = (s+ c)
2, s = 0, . . . , j.
(22)
Now, FR will be observed when such eigenvalues obey
conditions (19). Splitting the even and odd cases and
using N = 2j + 1, FR requires that
cos(T (s+ a)2 + φ) = cos
(pi
2
− 2θ
)
, (23a)
sin(T (s+ a)2 + φ) = sin
(pi
2
− 2θ
)
, (23b)
cos(T (s+ c)2 + φ) = cos
(
−pi
2
+ 2θ
)
, (23c)
sin(T (s+ c)2 + φ) = sin
(
−pi
2
+ 2θ
)
, (23d)
for s = 0, 1, . . . , j. This implies that
T (s+ a)2 =
pi
2
− 2θ − φ+ 2piMs, (24a)
T (s+ c)2 = −pi
2
+ 2θ − φ+ 2piLs, (24b)
where Ms and Ls are arbitrary sequences of integers.
Now, since the LHS of (24) are quadratic functions of
s, the RHS must also be quadratic functions of s. Hence,
Ms and Ls take the general form
Ms = A1s
2 +B1s+ γ1, (25a)
Ls = A2s
2 +B2s+ γ2. (25b)
For j > 1, the sequences Ms and Ls will take integer
values for all s if and only if γi is an arbitrary integer
and Ai, Bi are both simultaneously either integers or half-
integers for i = 1 and i = 2. The proof is elementary and
we omit it. We shall henceforth assume that the above
restriction (j > 1) is verified and shall thus determine the
FR conditions for generic chains with N > 3. For very
small chains, there are additional special possibilities that
we shall not spell out here. With this understanding, we
can cast the Ai and Bi as
A1 =
α1
2
, B1 =
β1
2
, (26a)
A2 =
α2
2
, B2 =
β2
2
, (26b)
where α1 and β1 are integers with the same parity and
α2 and β2 are also integers with the same parity. With
(25) and (26), condition (24) becomes
0 =(T − piα1)s2 + (2aT − piβ1)s (27a)
+ (a2T − pi
2
+ 2θ + φ− 2piγ1),
0 =(T − piα2)s2 + (2cT − piβ2)s (27b)
+ (c2T +
pi
2
− 2θ + φ− 2piγ2).
Since these relations must hold for s = 0, 1, . . . , j, again
with j > 1, each coefficient must vanish. First, the coef-
ficients of s2 yield
T = piα1 = piα2, (28)
which says that α1 = α2 is a positive integer, that α1, β1
and β2 must share the same parity and that the time for
FR to occur is a multiple of pi. Second, in view of (28),
the coefficients of s give
a =
β1
2α1
, c =
β2
2α1
. (29)
The parameters a and c are thus rational numbers. Recall
that a > − 12 and |a| < c < |a+ 1| implying that
β1 > −α1, |β1| < β2 < |β1 + 2α1|. (30)
Third, equating the constant terms provides
a2T =
pi
2
− φ− 2θ + 2piγ1, (31a)
c2T = −pi
2
− φ+ 2θ + 2piγ2. (31b)
It is helpful to consider the sum and difference of these
two equations:
T (c2 − a2) = −pi + 4θ + 2pi(γ2 − γ1), (32a)
T (c2 + a2) = −2φ+ 2pi(γ1 + γ2). (32b)
Using (28) and (29), equation (32a) provides a condition
on the parameters β1,β2 and θ:
(β2 − β1)(β1 + β2)
4
=
[
2(γ2 − γ1)− 1 + 4θ
pi
]
α1, (33)
where β1, β2, γ1, γ2 are integers and α1 is a positive inte-
ger. Note that since β1 and β2 share the same parity, the
LHS of (33) is an integer. This implies that θ must be a
multiple of pi4α1 :
θ =
pip
4q
(34)
where pq is an irreducible fraction and q divides α1. Fi-
nally, upon substituting (28) and (29) in (32b), one ob-
tains that the global phase φ is a fraction of pi. Hence,
the Hamiltonian (2) with couplings and magnetic fields
given by (21) will admit fractional revival if the param-
eters a, c are of the form (29) with β1, β2, α1 solutions of
(33) respecting (30). An example of solution is : β1 = 14,
β2 = 16, α1 = 6, θ =
3pi
8 and γ2 − γ1 = 1 which gives
a = 76 and c =
8
6 .
Mirror-symmetry which is realized in the models we
have been discussing so far is a necessary condition for
PST. It is hence of interest to enquire if PST can also be
observed in spin chains that have been found to exhibit
5FR. Once one has (15) with ξ and η given by (18), it can
be shown [8] that one has also
e−iMTJ |0〉 = eiφ
[
cosM
(pi
2
− 2θ
)
|0〉 (35)
+ i sinM
(pi
2
− 2θ
)
|N〉
]
with M an integer. This simply follows from formulas
for e−iTJ that will be given for N odd and N even at the
beginning of section 6. Perfect state transfer will then
occur at time MT if
M
(pi
2
− 2θ
)
= M1
(pi
2
)
(36)
with M1 an arbitrary odd number. Recall that (33) re-
quires (34). For fixed p and q, given a set of parameters
solving (33), we see that the corresponding model will
possess PST in addition if
M1
M
=
q − p
q
. (37)
This requires1 that p and q have opposite parities and
M = q. This is ensured by the irreducibility of pq for q
even, but not for q odd. Thus, spin chains with FR at
time T will also show PST at time qT if q is even but
when q is odd, PST will only happen at time qT if p is
even.
It turns out that the solutions with PST can be iden-
tified with the models presented by Albanese and Lawi
in an unpublished paper [2] although the authors have
assumed not quite correctly that the underlying polyno-
mials are special cases of the Racah polynomials.
A particular feature of the para-Racah model is the
bump in the couplings Jn in the middle of the of chain.
Here is a plot showing the strengths of the couplings
along the chain :
1 The case p = 0 is also possible withM =M1 but in this instance
there will just be replications of PST at times M1T .
4. SPECTRAL SURGERY AND THE CASE N
EVEN
A procedure called spectral surgery and described in
[13] allows to modify the spectrum of a Jacobi matrix
while preserving its mirror-symmetry. It is hence possi-
ble to relate a chain with N sites to one with N − 1 sites
by removing the last eigenvalue. That the modified chain
will still enact fractional revival is obvious since the con-
ditions (19) will remain satisfied for s = 0, 1, . . . , N − 1.
This technique hence permit to define our models for
even N . The new couplings Bˆn, Jˆn are related to (21) by
Bˆn = Bn+1 +An+1 −An, Jˆn = Jn
[
An
An−1
] 1
2
, (38)
where An =
Pn+1(−xN ;N ;a,c, 12 )
Pn(−xN ;N ;a,c, 12 )
is given by
An =
(N − n)(n− j + a− c)(N − n− 1 + a+ c)
2(2n−N) . (39)
Upon changing N → N + 1, a direct computation yields
the recurrence coefficients for N = 2j:
Bˆn =
1
2
(a2 + c2 + n− n2) + 1
4
(2n+ a+ c)(N − 1)
+
(n+ 1)(n+ a+ c)(1 + 2a− 2c)
4(1 + 2n−N) (40a)
+
n(n− 1 + a+ c)(1 + 2a− 2c)
4(1− 2n+N)
and
Jˆn =
[n(N + 1− n)(n− 1 + a+ c)(N − n+ a+ c)
4(N − 2n+ 1)2
× (n− j + a− c)(n− j + c− a− 1)
] 1
2
. (40b)
It can be directly checked that the persymmetry condi-
tion (9) still holds while the spectrum of J is now
x2s =(s+ a)
2, s = 0, . . . , j,
x2s+1 =(s+ c)
2, s = 0, . . . , j − 1. (41)
Fractional revival will occur for a and c again given by
(29) and (33). Here, in view of (41) and of the remarks
after equations (25), we need to assume that j > 2. Our
analysis thus provide a full classification of the FR con-
ditions for chains with N > 4. The plot showing the
strengths of the couplings along the chains exhibit a dif-
ferent behavior for N even; here, both the couplings Jn
and the magnetic fields Bn have a bump in the middle of
the chains :
65. SPECIAL CASE c = a + 1
2
The models presented here encompass simpler known
models. Note that upon setting c = a+ 12 , the bi-lattice
(22) reduces to a single quadratic lattice of the form
xs =
(s
2
+ a
)2
. (42)
In this case, the recurrence coefficients for odd N (21)
and even N (40) need not be distinguished and are given
by
Bn = N + 4N(a+ n) + a
2 − n
2
2
,
Jn =
[
n(n+ 2a− 12 )(N − n+ 2a+ 12 )(N + 1− n)
16
] 1
2
.
This correspond to the analytic spin chain models con-
nected to the dual-Hahn polynomials that were identified
by Albanese et al. in [1]. Note that our analysis shows
that these simpler models also exhibit FR for some values
of the parameters. In this case, the bump in the middle
couplings disappear and the patterns are those of smooth
parabolas :
6. ISOSPECTRAL DEFORMATIONS
We shall now indicate how a second parameter in addi-
tion to θ can be introduced in the amplitudes of the two
revived clones by means of an isospectral deformation.
Let us first point out that the conditions (19) do not
only imply (15) with ξ and η as in (18) but more generally
that
e−iTJ = eiφ

sin 2θ i cos 2θ
. . . . .
.
sin 2θ i cos 2θ
i cos 2θ sin 2θ
. .
. . . .
i cos 2θ sin 2θ

for N odd and
e−iTJ =
eiφ

sin 2θ i cos 2θ
. . . . .
.
sin 2θ 0 i cos 2θ
0 ei(
pi
2−2θ) 0
i cos 2θ 0 sin 2θ
. .
. . . .
i cos 2θ sin 2θ

for N even. This is not difficult to show and has been
derived in [8].
Now introduce the symetric matrix
V =

sinσ cosσ
. . . . .
.
sinσ cosσ
cosσ − sinσ
. .
. . . .
cosσ − sinσ

, (43)
for N odd and
V =

sinσ cosσ
. . . . .
.
sinσ 0 cosσ
0 1 0
cosσ 0 − sinσ
. .
. . . .
cosσ − sinσ

, (44)
for N even. It is easy to verify that V 2 = 1. Now let
J be a persymmetric Jacobi matrix and define J˜ via the
conjugation
J˜ = V JV. (45)
It is clear that this provides an isospectral deformation
of J . J˜ will no longer be persymmetric but will satisfy
J˜ = QJ˜Q (46)
7with Q = V RV . A direct computation shows that e−iT J˜
acting on |0〉 gives
e−iT J˜ |0〉 = V e−iTJV |0〉 = ξ|0〉+ η|N〉 (47)
for both N odd and N even with
ξ = eiφ(sin 2θ + 2i cos 2θ cosσ sinσ) (48a)
η = ieiφ cos 2θ(cos2 σ − sin2 σ). (48b)
An additional angle σ has thus been introduced in the
parameterization of ξ and η and it is easily verified that
the normalization condition |ξ|2 + |η|2 = 1 is still sat-
isfied. It is observed that J˜ is also tridiagonal, it thus
provides the couplings and magnetic fields of an XX spin
chain that exhibits again fractional revival at two sites.
Remarkably, most of the coupling constants and mag-
netic fields of J remains unchanged. Carrying out the
transformation (45), it is seen that the only entries of J˜
that differ from those of J are
J˜N+1
2
= JN+1
2
cos 2σ,
B˜N∓1
2
= BN−1
2
± JN+1
2
sin 2σ,
(49a)
for N odd and
J˜N
2
= JN
2
(cosσ − sinσ),
J˜N
2 +1
= JN
2
(cosσ + sinσ),
(49b)
for N even. Remembering the expressions (21) and (40)
for the entries of J , it is seen that the elements of J˜
(J˜n and B˜n) correspond to the recurrence coefficients of
the para-Racah polynomials Pn(y
2;N ; a, c, α) [10] with
sin(2σ) = 1− 2α for N odd and sinσ =
√
α−√1−α√
2
for N
even. We thus observe that the general para-Racah poly-
nomials are associated with XX spin chains with generic
fractional revival described by two parameters provided
that a and c remain given by (29) in terms of solutions
of (33).
7. CONCLUSION
Let us summarize our findings and make a few addi-
tional remarks to conclude. We have introduced a novel
analytic XX spin chain with fractional revival. It depends
on 3 parameters a, c, α in addition to the number of sites
N + 1. Its nearest-neighbor couplings and local mag-
netic field strengths are provided by the recurrence coef-
ficients of the recently identified para-Racah polynomials
Pn(x
2;N ; a, c, α) which are orthogonal on the quadratic
bi-lattice (22) characterized by a and c. When c = a+ 12 ,
these Pn reduce to the dual-Hahn polynomials. There
are constraints on the parameters for fractional revival
to take place after time T . One must have according to
(28) and (29) :
a = β1
pi
2T
c = β2
pi
2T
(50)
where β1 and β2 are integers that solve the Diophan-
tine equation (33). (There might be additional special
solutions when N ≤ 4). There are two angles θ and σ
that determine the FR amplitudes ξ and η in (15) as per
the parameterization (48). The first, θ, is determined
by (33) and forced to take the restricted values speci-
fied by θ = pip4q with p, q co-primes and q dividing T/pi.
The second, σ, is directly related to α in a way that de-
pends on whether N is odd or even (see the formulas
in the paragraph after eqs.(49)). When σ = 0, that is
when α = 12 , the recurrence coefficients Jn and Bn form
a mirror-symmetric matrix. A necessary condition for
perfect state transfer is then realized and it has been in-
dicated that if FR happens at time T , PST will occur at
time qT when the parameters a and c lead to an angle
of the form θ = pip4q where q and p have different parities.
Solutions of (33) with θ = 0 provide models that exhibit
PST but not FR.
The study presented here complements and extends
the analysis [8] of the transport properties of the spin
chains connected to the para-Krawtchouk polynomials
[14] which are orthogonal on the linear bi-lattice (1) in-
stead of the quadratic bi-lattice (22). It is informative
to compare the features of the latter model with those of
the para-Racah system that we have examined so far in
this paper.
To focus on the model with FR which is based on the
para-Krawtchouk polynomials per se, we must set the
angle σ equal to zero. We are thus in a mirror-symmetric
situation. For the para-Krawtchouk model, the FR angle
θ is related in a simple way to the bi-lattice parameter δ
in (1), one has
δ = 1± 4θ
pi
. (51)
There are no further conditions to have FR. However, in
order for PST to manifest itself, we must have that
δ =
M1
M
(52)
where M1 and M are positive co-prime integers and M1
is odd.
The para-Krawtchouk spin chains also possess another
interesting property. When δ is an irrational number,
even though state transfer is no longer perfect, it can be
approached in finite time to any level of precision. It is
indeed possible to show [12] using classical theorems of
Diophantine approximations, that there exists a sequence
of times tn, n = 0, 1, 2, . . . , such that∣∣〈N |e−iJtn |0〉∣∣→ 1 (53)
8as n→∞. It follows that we have in these models, man-
ifestations of what is called almost perfect state transfer
(APST).
These last comments suggest directions for future in-
vestigations. A first question is : under what circum-
stances would the mirror-symmetric spin chains asso-
ciated to the para-Racah polynomials exhibit APST?
Other questions relate to FR. We have been dealing in
this paper with perfect fractional revival. Let
∣∣|ψ〉∣∣ de-
note the norm of |ψ〉 and  be a small positive real num-
ber. It would be of interest to determine the conditions
for almost perfect fractional revival where
∣∣e−iTJ |0〉 − (ξ|0〉+ η|N〉) ∣∣ <  (54)
or where, in other words, e−iTJ |0〉 can be as close as de-
sired to the state with two localized clones at |0〉 and |N〉.
It would seem relevant to probe the para-Krawtchouk
and para-Racah chains in this respect.
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